ABSTRACT. The delamination fracture in four-point bending beams made of adhesively bonded lengthwise vertical layers is studied assuming that each layer exhibits smooth material inhomogeneity along the width and length of the layer. The study aims at determining the strain energy release rate with applying the Ramberg-Osgood equation for modeling the non-linear mechanical behavior of the material in each layer. Cosine laws are used to describe the continuous variation of the modulus of elasticity in width and length directions of layers. Beams made of an arbitrary number of vertical layers which have individual widths and material properties are considered. Besides, the delamination crack is located arbitrary between layers, i.e. the two crack arms have different widths. The J-integral is applied for verification of the non-linear solution to the strain energy release rate derived in the present paper. The solution is used to investigate the influence of material inhomogeneity in width and length directions of layers, the crack location along the beam width, the non-linear mechanical behavior of the material and the crack length on the delamination fracture behavior. The approach developed is expected to be useful in structural design of multilayered inhomogeneous beams with considering the delamination fracture behavior. 
INTRODUCTION
tructural members and components made of adhesively bonded layers of dissimilar materials are extensively used in various applications in aerospace and civil engineering mainly when high performance is required [1] [2] [3] . Various studies of adhesively bonded joints of fiber reinforced composites and sandwich structures have been reviewed in [1] . The influence of different factors such as joint configuration, adhesive properties, preparation of surfaces and environment factors on the joint behavior has been evaluated and discussed thoroughly. Methods and approaches for predicting the failure behavior have been presented too. The application of fracture mechanics for analyzing of adhesively S bonded joints has also been considered. It has been shown the importance of using of reliable failure criteria for widening the application of adhesively bonded joints in load-bearing composite and sandwich structural members and components in different industries [1] . A through review of recent publications on failure behaviour of different type of fiber reinforced composite materials has been presented in [2] . Various aspects of fatigue and life prediction of fiber reinforced composites have been discussed in detail. The effects of inherent and environmental factors such as temperature, moisture and corrosion on fatigue and failure of composites have been analyzed. A summary of commonly used failure criteria for life prediction of composite structures subjected to static and fatigue load conditions has been reported. A progressive fatigue model has also been considered in the review. Models for prediction of residual mechanical properties of composites under different loading conditions have been described and discussed [2] . The thermomechanical behaviour of a carbon fiber composite laminated sheet that is irradiated by using a continuous wave chemical oxygen iodine laser has been analyzed in [3] . A potential delamination of the composite sheet makes the analysis of the influence of the laser an important practical task. The temperature distribution in the composite has been studied. The peak temperature of irradiated region has been evaluated. It has been found that the model developed is suitable for simulating of laser ablation of carbon fiber epoxy composite materials. The study has indicated that the laser beam machining is an appropriate process for manufacturing of fiber reinforced composite materials [3] . However, multilayered materials and structures have low interlaminar strength which is a premise for development of delamination cracks [4, 5] . Delamination fracture or separation of layers is the predominant failure mode of multilayered structures. The service lifetime of laminated composite structural members and components is limited by their delamination fracture behavior under certain loading conditions [4] . Delamination fracture of multilayered material systems under mode II crack loading conditions with considering of the creep behavior has been studied in [4] . For this purpose, the methods of linear elastic fracture mechanics have been applied. An elevated temperature has been used to accelerate the delamination fracture under constant external loads. Delamination behavior of a double cantilever beam configuration has been analyzed. By using of the Paris power law, a methodology for predicting the service lifetime of multilayered beam structures in terms of service load, temperature and initial delamination crack length has been developed [4] . A review of techniques for modeling and analysis of functionally graded single layers and sandwich beam configurations has been presented in [5] . Various solutions which are based on the assumption for linear-elastic behavior of the functionally graded material have been presented and discussed. Analyses of beam structures under both static and dynamic loading conditions have been considered. Free and forced vibrations of functionally graded sandwich constructions have been studied. Investigations of functionally graded sandwich beams resting on two-parameter elastic foundation have been reported. Studies of buckling behaviour of sandwich beams have been reviewed too. Various analyses of bending behaviour of viscoelastic sandwich structures have been discussed. Works dealing with static analyses of functionally graded sandwich beams resting on a Pasternak elastic foundation have also been presented. Solutions of linear-elastic beams made of functionally graded materials under tension and bending have been considered [5] . The main goal of the present paper is to derive the strain energy release rate for a delamination crack in multilayered fourpoint bending beam configurations assuming that each layer exhibits smooth material inhomogeneity in width and length directions. The beam under consideration is made of an arbitrary number of adhesively bonded lengthwise vertical layers which have non-linear mechanical behavior of the material that is treated by applying the Ramberg-Osgood equation. It should be mentioned that in his previous works, the author has studied delamination fracture behavior of various multilayered beam structures made by lengthwise vertical inhomogeneous layers usually by applying power law stress-stain relations for modeling the non-linear mechanical behavior of the material [6, 7] . The solution to the strain energy release rate derived in the present paper can be applied in fracture mechanics based structural design of multilayered beams made of inhomogeneous materials such as functionally graded materials which have been widely used in recent years as advanced structural materials in many engineering applications [8, 9, 10, 11, 12, 13, 14, 15] .
DETERMINATION OF THE STRAIN ENERGY RELEASE RATE
multilayered four-point bending beam configuration containing a delamination crack of length, 2a , is shown schematically in Fig. 1 . The external loading consists of two vertical forces, F , applied at the two ends of the beam. The beam crosssection is a rectangle of width, b , and height, h . The length of the beam is   b , is introduced in the right-hand lateral surface of the beam in order to generate conditions for delamination fracture. The delamination crack is located symmetrically with respect to the mid-span. Besides, the delamination crack is located arbitrary between vertical layers. Therefore, the cross-sections of the two crack arms have different widths denoted by 1 b and 2 b for the left-hand and right-hand crack arms, respectively. The notch divides the right-hand crack arm in two symmetric segments of length, a , each. Apparently, the two segments of the right-hand crack arm are free of stresses. It should also be mentioned that the delamination crack is located in the beam portion, 2 4 B B , which is loaded in pure bending (Fig. 1 ).
Due to the symmetry, only half of the beam,
, is considered in the present fracture analysis. The delamination fracture behavior is studied in terms of the strain energy release rate, G . For this purpose, the strain energy release rate is written as [16] * dU G dA 
where * dU is an elementary change of the complementary strain energy, dA is an elementary increase of the delamination crack area. Since
formula (1) takes the form
where da is an elementary increase of the delamination crack length. Since the delamination crack is located in beam portion, 2 4 B B , the complementary strain energy cumulated in the beam portions, 1 2 B B and 4 5 B B , does not depend on the delamination crack length (Fig. 1) . Thus, it is enough to calculate the complementary strain energy cumulated in beam portion, 3 4 B B , only. Since the two segments of the right-hand crack arm are free of stresses, the complementary strain energy, 
where L n is the number of layers in the left-hand crack arm, 1i y and 1 1 i y  are the coordinates, respectively, of the lefthand and right-hand lateral surfaces of the i-th layer,
u is complementary strain energy density in the same layer, the axes, 1 x , 1 y and 1 z , are shown in Fig. 2 . The Ramberg-Osgood stress-strain relation which is used to model the material non-linearity is written as
where  is the distribution of the lengthwise strains in the cross-section of the left-hand crack arm, i  is the distribution of the normal stresses in the cross-section of the i-th layer, i E is the modulus of elasticity in the same layer, i H and i m are material properties which describe the hardening behavior of the material (actually, the second term of the right-hand side of (6) models the material non-linearity). Each layer exhibits smooth material inhomogeneity along the width and length of the layer. Thus, it is assumed that the modulus of elasticity in the i-th layer varies continuously along the width according to following cosine law:
where
In (7), 
The 3 x -axis is shown in Fig. 1 . In (9), U by (5) can be written as [17, 18]  
By substituting of (7) in (11), one arrives at
In order to perform the integration in (5), 
The complementary strain energy cumulated in portion, 1 2
, of the un-cracked part of the beam is written as  is expanded in series of Taylor by keeping the first six members 
where   
where the coefficients, 1i
 and 6i  , are determined in the following manner. First, the distribution of lengthwise strains in the cross-section of the left-hand crack arm is written as
where 1  is the curvature the left-hand crack arm. It should be noted that formula (17) follows from the fact that validity of the Bernoulli's hypothesis for plane sections is assumed in the present paper since the span to height ratio of the beam under consideration is large. Concerning the application of the Bernoulli's hypothesis for plane sections, it should also be mentioned that since the beam portion, 2 4 B B , in which the delamination crack is located, is loaded in pure bending (Fig.  1) , the only non-zero strains are the lengthwise strains. Thus, according to the small strains compatibility equations, the lengthwise strains are distributed linearly along the cross-section height. By substituting of (7), (16) and (17) 
Similarly, by substituting of 1 ai y y  and 1 0 z  in the first derivative of (18) with respect to 1 z , one obtains
Further, by substituting of 1 ai y y  and 1 0 z  in the second derivatives of (18) 
  
Eqns. (19), (24) - (28) can be written for each layer of the left-hand crack arm. In this way, 6 L n equations with 6 1
, can be constructed. Another equation can be written by considering the equilibrium of the elementary forces in the left-hand crack arm cross-section
where M is the bending moment in the left-hand crack arm. It is obvious that (Fig. 1 )
By substituting of (16) in (29), one derives
Eqns. (19), (24) - (28) and (31) should be solved with respect to 1i 
y and 1 z are replaced with 1Ri
y and 2 z , respectively. It should be noted that Eqs. (19), (24) -(28) and (31) can be used also to determine 1Ri 
 , 5i  , 6i  and 1  are replaced, respectively, with n , 2i
- (28) and (31). By substituting of (4), (5) and (14) in (3), one arrives at (12), (13), (16), (19) , (20), (23), (25) - (28) and (31) at 1 x a  . It should be noted that the term in the brackets in (32) is doubled in view of the symmetry (Fig. 1) . The integration in (32) should be carried-out by using the MatLab computer program. The delamination fracture behavior is analyzed also by applying the J-integral approach [19] in order to verify the solution to the strain energy release rate (32). The integration of the J-integral is performed along the integration contour,  , showed by a dashed line in Fig. 1 . Since the right-hand crack arm is free of stresses, the solution of the J-integral is written as
 
The J-integral in segment, 1  , is written as
where 0 i L u is the strain energy density in the i-th layer of the left-hand crack arm, α is the angle between the outwards normal vector to the contour of integration and the crack direction, xi p and yi p are the components of stress vector in the i-th layer of the left-hand crack arm, u and v are the components of displacement vector with respect to the crack tip coordinate system xy (x is directed along the delamination crack), ds is a differential element along the contour of integration. The strain energy density in the i-th layer of the left-hand crack arm is obtained by applying the following formula [17, 18] :
By substituting of (7) in (35), one obtains  
The other components of the J-integral in segment, 1  , are written as
It should be noted that formula (16) is used to obtain the stress, i  , in (37). The partial derivative, / u x   , that is involved in (34) is expressed as
The J-integral is segment, 2  , is written as 
where the strain energy density, . This fact is a verification of the delamination fracture analysis developed in the present paper. It should be mentioned that the delamination fracture is analyzed also by keeping more than six members in the in series of Taylor (15) . The results obtained are very close to these derived by keeping six members (the difference is less than 2 %).
PARAMETRIC STUDY
ffects of material inhomogeneity in width and length directions, crack location along the beam width, non-linear mechanical behavior of the material and crack length on the delamination fracture in the multilayered four-point bending beam are investigated by applying the solution to the strain energy release rate (32). The results obtained are presented in non-dimensional form by using the formula
. Two three-layered four-point bending beam configurations are considered in order to evaluate the influence of the delamination crack location along the beam width on the fracture behavior (Fig. 3) .
A beam configuration with a delamination crack located between layers 2 and 3 is shown in Fig. 3a . A beam with a delamination crack between layers 1 and 2 is also considered (Fig. 3b) . / H H ratio (curve 1 -for the beam configuration with delamination located between layers 2 and 3 (refer to Fig. 3a) , curve 2 -for the beam configuration with delamination located between layers 1 and 2 (refer to Fig. 3b) ).
The effect of material inhomogeneity along the width of layer 1 on the delamination fracture is analyzed (the beam configuration shown in Fig. 3b is considered) . For this purpose, the strain energy release rate in non-dimensional form is presented as a function of under consideration undergoes active deformation, i.e. if the external loading increases only [20, 21] . The influence of material inhomogeneity along the width and length of layers is elucidated. It is found that the strain energy release rate decreases with increasing of too. The analysis reveals that the strain energy release rate decreases with increasing of the width of the left-hand crack arm. Concerning the influence of the delamination crack length on the fracture behavior, it is found that the strain energy release rate increases with increasing of the crack length. The approach developed in the present paper can be useful for evaluation of the effects of material inhomogeneity and non-linear mechanical behavior of the material on delamination fracture in design of multilayered beam structures.
